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We derive relativistic viscous hydrodynamic equations invoking the generalized second law of
thermodynamics for two different forms of the non-equilibrium single-particle distribution function.
We find that the relaxation times in these two derivations are identical for shear viscosity but dif-
ferent for bulk viscosity. These equations are used to study thermal dilepton and hadron spectra
within longitudinal scaling expansion of the matter formed in relativistic heavy-ion collisions. For
consistency, the same non-equilibrium distribution function is used in the particle production pre-
scription as in the derivation of the viscous evolution equations. Appreciable differences are found
in the particle production rates corresponding to the two non-equilibrium distribution functions.
We emphasize that an inconsistent treatment of the non-equilibrium effects influences the parti-
cle production significantly, which may affect the extraction of transport properties of quark-gluon
plasma.
PACS numbers: 25.75.-q, 24.10.Nz, 47.75+f
I. INTRODUCTION
Evolution of the strongly-interacting matter produced
in high-energy heavy-ion collisions, when the system is
close to local thermodynamic equilibrium, has been stud-
ied extensively within the framework of the relativistic
dissipative hydrodynamics; for a recent review see Ref.
[1]. As the system expands and becomes dilute enough,
the hydrodynamic description breaks down, leading to a
freezeout or a transition from the hydrodynamic descrip-
tion to a particle description [2]. The dissipative effects
are important not only during the hydrodynamic evolu-
tion, but also in the particle production [3], and the two
have to be treated in a consistent manner. Moreover, the
transport coefficients and relaxation times which consti-
tute an external input to the hydrodynamic equations
need to be in conformity with the theoretical framework
used to derive the hydrodynamic equations [4]. Ad hoc
choices or inconsistent treatments could significantly af-
fect the final-state particle yields, spectra, and other ob-
servables derived from them.
Hydrodynamics is formulated as an order-by-order ex-
pansion in gradients of the hydrodynamic four-velocity
uµ. The ideal hydrodynamics is zeroth order and rela-
tivistic Navier-Stokes theory is first order in gradients;
the latter violates causality. Derivation of the (causal)
second-order dissipative hydrodynamic equations pro-
ceeds in a variety of ways; for a review see Ref. [5]. For
instance, in the derivations based on kinetic theory the
non-equilibrium phase-space distribution function f(x, p)
needs to be specified. This is commonly achieved by
taking recourse to Grad’s 14-moment approximation [6].
The hydrodynamic equations are then derived by suit-
able coarse-graining of the microscopic dynamics. For
consistency, the same f(x, p) ought to be used in the
particle-production prescription [2, 7] as well. This im-
portant consideration has been overlooked in several hy-
drodynamic studies of heavy-ion collisions.
An alternate derivation of hydrodynamic equations
starts from a generalized entropy four-current Sµ, ex-
pressed in terms of a few unknown coefficients, and then
invokes the second law of thermodynamics (∂µS
µ ≥ 0)
[5]. These coefficients which are related to relaxation
times for shear and bulk pressures remain undetermined,
and have to be obtained from kinetic theory [8, 9]. Even
then the bulk relaxation time remains ambiguous. Ide-
ally, a single theoretical framework should give rise to
dissipative evolution equations as well as determine these
unknown coefficients [4]. The bulk relaxation time ob-
tained in Ref. [4] exhibits critical slowing down near the
QCD phase transition and does not lead to cavitation.
In this paper, we employ the method based on the
entropy four-current to derive second-order viscous hy-
drodynamics corresponding to two different forms of the
non-equilibrium distribution function. These distribu-
tion functions are formally different, and one of them is
used here for the first time to study the particle produc-
tion in heavy-ion collisions. We perform a comparative
numerical study of these two formalisms in the Bjorken
scaling expansion. For consistency, we use the same non-
equilibrium distribution function in the calculation of the
particle spectra as in the derivation of the evolution equa-
tions, and point out drawbacks of an inconsistent treat-
ment. As an application, we study the production of
thermal dileptons and hadrons in various scenarios.
The paper is organized as follows. In Sec. II, we derive
viscous hydrodynamic equations corresponding to two
choices of the non-equilibrium distribution function. In
Sec. III we present thermal dilepton and hadron produc-
tion rates. In Sec. IV we consider the Bjorken scenario
and obtain the relevant evolution equations and particle
production rates in the two cases. Numerical results are
presented and discussed in Sec. V, which is followed by
the Summary in Sec. VI.
2II. VISCOUS HYDRODYNAMICS
The entropy four-current for particles obeying the
Boltzmann statistics is given by [10]
Sµ(x) = −
∫
dp pµf (ln f − 1) , (1)
where dp = gdp/[(2π)3
√
p2 +m2], g and m being the
degeneracy factor and the particle rest mass, respec-
tively, pµ is the particle four-momentum, and f ≡ f(x, p)
is the single-particle phase-space distribution function.
For a system close to equilibrium, f can be written as
f = f0 + δf ≡ f0(1 + φ), where the equilibrium distri-
bution function is defined as f0 = exp(−βu · p). Here
β ≡ 1/T is the inverse temperature, uµ is defined in
the Landau frame [10], and we have assumed the baryo-
chemical potential to be zero.
The divergence of Sµ reads
∂µS
µ = −
∫
dp pµ (∂µf) ln f
= −
∫
dp pµ [φ(1 + φ/2)(∂µf0) + φ(∂µφ)f0] , (2)
where in the second equality terms up to third order in
gradients have been retained.
To proceed further, the non-equilibrium part of the dis-
tribution function δf ≡ f0φ needs to be specified. In the
present study, we consider two different forms of φ. The
first form is consistent with Grad’s 14-moment approxi-
mation [6] for the single-particle distribution function in
orthogonal basis [11]. We propose [4]
φ1 =
Π
P
+
pµpνπµν
2(ǫ+ P )T 2
, (3)
where corrections up to second order in momenta are
present. Equation (3) has not been used before to study
particle production in heavy-ion collisions. The second
form is obtained by considering the corrections which are
only quadratic in momenta [12]:
φ2 =
pµpν
2(ǫ+ P )T 2
(
πµν +
2
5
Π∆µν
)
. (4)
In Eqs. (3) and (4), ǫ and P are the thermodynamic
energy density and pressure, respectively, Π the bulk vis-
cous pressure, πµν the shear stress tensor, and ∆µν =
gµν − uµuν . The energy-momentum tensor can be ex-
pressed in terms of these quantities as T µν = ǫuµuν −
(P +Π)∆µν +πµν . Note that although the contributions
due to shear in Eqs. (3) and (4) are identical, those due
to bulk viscosity are distinct. In the following, we shall
refer to analyses performed using Eqs. (3) and (4) as
‘Case 1’ and ‘Case 2’, respectively.
Performing the integrals in Eq. (2) as outlined in Ref.
[4], we obtain
∂µS
µ =− βΠ
[
θ +β0Π˙ +
4
3
β0θΠ
]
+ βπµν
[
σµν − β2π˙µν − 4
3
β2θπµν
]
, (5)
where β0 and β2 are functions of thermodynamic quanti-
ties ǫ and T , X˙ ≡ uµ∂µX , θ = ∂µuµ, and σµν = ∇〈µuν〉.
The notation A〈µν〉 = ∆µναβA
αβ , where ∆µναβ = [∆
µ
α∆
ν
β +
∆µβ∆
ν
α − (2/3)∆µν∆αβ ]/2, represents the traceless sym-
metric projection orthogonal to uµ.
The second law of thermodynamics, ∂µS
µ ≥ 0, is guar-
anteed to be satisfied if linear relationships between ther-
modynamical fluxes and extended thermodynamic forces
are imposed. This leads to the following evolution equa-
tions for bulk and shear
Π = −ζ
[
θ + β0Π˙ +
4
3
β0θΠ
]
, (6)
πµν = 2η
[
σµν − β2π˙〈µν〉 − 4
3
β2θπ
µν
]
, (7)
respectively, where the coefficients of bulk and shear vis-
cosity satisfy ζ, η ≥ 0. The bulk and shear relaxation
times, defined as τΠ = ζβ0 and τpi = 2ηβ2, can be ob-
tained directly from the transport coefficients β0 and β2
which are determined explicitly in the above derivations.
For Case 1, the coefficients β0 and β2 become
β
(1)
0 = 1/P, β
(1)
2 = 3/(ǫ+P )+m
2β2P/[2(ǫ+P )2], (8)
whereas for Case 2, they reduce to
β
(2)
0 =
18
5(ǫ+ P )
+
3m2β2P
5(ǫ+ P )2
, β
(2)
2 = β
(1)
2 . (9)
We note that although the relaxation time correspond-
ing to shear (β2) is the same for both the cases, that
corresponding to bulk (β0) is different. We stress that
these coefficients have been obtained consistently within
a single theoretical framework. This is in contrast to the
standard derivation [8], where the transport coefficients
have to be estimated from an alternate theory.
III. THERMAL DILEPTON AND HADRON
PRODUCTION
Particle production is influenced by viscosity in two
ways: first through the viscous hydrodynamic evolution
of the system and second through corrections to the par-
ticle production rate via the non-equilibrium distribution
function [3]. Hydrodynamic evolution was considered in
the previous section; here we will concentrate on the ther-
mal dilepton and hadron production rates in heavy-ion
collisions. While the hadrons are emitted mostly in the
final stages of the evolution, the dileptons are emitted at
3all stages and thus probe the entire temperature history
of the system.
In the quark-gluon plasma (QGP) phase, the dominant
production mechanism for dileptons is qq¯ → γ∗ → l+l−,
whereas in the hadronic phase the main contribution
arises from π+π− → ρ0 → l+l−. The dilepton produc-
tion rate for these processes is given by [13]
dN
d4xd4p
= g2
∫
d3p1
(2π)3
d3p2
(2π)3
f(E1, T )f(E2, T )
× vrelσ(M2)δ4(p− p1 − p2), (10)
where pi = (Ei,pi) are the four-momenta of the incom-
ing particles having equal masses mi and relative veloc-
ity vrel = M(M
2 − 4m2i )1/2/2E1E2. Further, M and
σ(M2) are the dilepton invariant mass and production
cross section, respectively. Substituting for f = f0 + δf
and retaining only the terms linear in δf , the dilepton
production rate can be expressed as a sum of contribu-
tions due to ideal, shear, and bulk:
dN
d4xd4p
=
dN (0)
d4xd4p
+
dN (pi)
d4xd4p
+
dN (Π)
d4xd4p
. (11)
For the case M ≫ T ≫ mi, the equilibrium distri-
bution functions can be approximated by the Maxwell-
Boltzmann form f(E, T ) = exp(−E/T ) and vrel ≃
M2/2E1E2. In the QGP phase (for qq¯ annihilation)
we have M2g2σ(M2) = (80π/9)α2 (with Nf=2 and
Nc = 3) and in the hadronic phase (for π
+π− annihi-
lation) we have M2g2σ(M2) = (4π/3)α2|Fpi(M2)|2 [13].
The electromagnetic pion form factor is |Fpi(M2)|2 =
m4ρ/[(m
2
ρ − M2)2 + m2ρΓ2ρ], where mρ = 775 MeV and
Γρ = 149 MeV are the mass and decay width of the
ρ(770) meson, respectively [14].
With the above approximations, the integrals in Eq.
(11) can be performed. The ideal part is given by [13]
dN (0)
d4xd4p
=
1
2
M2g2σ(M2)
(2π)5
e−p0/T . (12)
The shear viscosity contribution is the same for φ1 and
φ2, Eqs. (3) and (4), and is given by [15]
dN (pi)
d4xd4p
=
2
3
(
pµpν
2sT 3
πµν
)
dN (0)
d4xd4p
, (13)
where s = (ǫ + P )/T is the equilibrium entropy density.
The bulk viscosity contribution for φ1 is
dN
(Π)
1
d4xd4p
=
Π
P
dN (0)
d4xd4p
, (14)
and that for φ2 can be expressed as [16]
dN
(Π)
2
d4xd4p
=
2
5sT 3
(
M2
12
gαβ − 1
3
pαpβ
)
∆αβΠ
dN (0)
d4xd4p
.
(15)
The hadron spectra are obtained using the Cooper-
Frye freezeout prescription [2]
dN
d2pTdy
=
g
(2π)3
∫
pµdΣ
µf(x, p), (16)
where dΣµ represents the element of the three-
dimensional freezeout hypersurface, and f(x, p) repre-
sents the phase-space distribution function at freezeout.
For the two cases discussed above we shall study the
evolution of the hydrodynamic variables and their influ-
ence on the dilepton and hadron production rates.
IV. BJORKEN SCENARIO
We consider the evolution of the system in longitudinal
scaling expansion at vanishing net baryon number den-
sity [17]. In terms of the Milne coordinates (τ, r, ϕ, ηs),
where τ =
√
t2 − z2 and ηs = tanh−1(z/t), and with
uµ = (1, 0, 0, 0), evolution equations for ǫ, Φ ≡ −τ2πηsηs ,
and Π become
dǫ
dτ
= − 1
τ
(ǫ+ P +Π− Φ) , (17)
τpi
dΦ
dτ
=
4η
3τ
− Φ− 4τpi
3τ
Φ, (18)
τΠ
dΠ
dτ
= − ζ
τ
−Π− 4τΠ
3τ
Π. (19)
The bulk and shear relaxation times, τΠ = ζβ0 and τpi =
2ηβ2, reduce to
τ
(1)
Π =
ǫ+ P
PT
(
ζ
s
)
, τ
(2)
Π =
18
5T
(
ζ
s
)
, τpi =
6
T
(η
s
)
,
(20)
for the two different forms of φ, Eqs. (3) and (4).
Once the temperature evolution is known from the hy-
drodynamical model, the total dilepton spectrum is ob-
tained by integrating the total rate over the space-time
evolution of the system
dN1,2
d2pTdM2dy
= πR2A
∫ τfo
τ0
dτ τ
∫ ∞
−∞
dηs
(
1
2
dN1,2
d4xd4p
)
,
(21)
where τ0 and τfo are the initial and freezeout times for the
hydrodynamic evolution. We note that for the Bjorken
expansion, d4x = πR2Adηsτdτ , where RA = 1.2A
1/3 is
the nuclear radius.
In (τ, r, ϕ, ηs) coordinates, particle four-momentum is
pµ = (mT cosh(y − ηs), pT cos(ϕp − ϕ), pT sin(ϕp −
ϕ)/r, mT sinh(y − ηs)/τ), where m2T = p2T + m2. The
other factors appearing in the rate expressions, Eqs. (13)
and (15), are then given by
pαpβπαβ =
Φ
2
p2T − Φ m2T sinh2(y − ηs), (22)
pαpβ∆αβ = −p2T −m2T sinh2(y − ηs). (23)
4Similar to the dilepton spectra, the hadronic spec-
tra can also be split up into three parts. Writing the
momentum flux through the hypersurface element as
pµdΣ
µ = mT cosh(y− ηs)τdηsrdrdϕ, and performing the
ηs integration, we get for the ideal case,
dN (0)
d2pTdy
=
g
(2π)2
mT τfoR
2
AK1(zm), (24)
where Kn are the modified Bessel functions of the second
kind and zm ≡ mT /T . The contribution due to the shear
viscosity to the hadron production reduces to
dN (pi)
d2pTdy
=
Φ
4(ǫ+ P )
[
z2p − 2zm
K2(zm)
K1(zm)
]
dN (0)
d2pTdy
, (25)
where zp ≡ pT /T . The bulk viscosity contribution in
Case 1, Eq. (3), is calculated to be
dN
(Π)
1
d2pTdy
=
Π
P
dN (0)
d2pTdy
, (26)
whereas in Case 2, Eq. (4), it reduces to
dN
(Π)
2
d2pTdy
=
−Π
5(ǫ+ P )
[
z2p + zm
K2(zm)
K1(zm)
]
dN (0)
d2pTdy
. (27)
Here we have used the recurrence relation Kn+1(z) =
2nKn(z)/z +Kn−1(z). It is important to note that the
bulk viscosity contribution in Case 1 is negative, whereas
that in Case 2 is positive (Π < 0).
V. NUMERICAL RESULTS AND DISCUSSION
We now present numerical results for the Bjorken ex-
pansion of the medium for the initial temperature T0 =
310 MeV and time τ0 = 0.5 fm/c, typical for the Rela-
tivistic Heavy-Ion Collider. The freezeout temperature
was taken to be 160 MeV. The initial pressure configu-
ration was assumed to be isotropic: Φ = 0 = Π. We
employ the equation of state of Refs. [18, 19] based on
a recent lattice QCD simulation. The shear viscosity to
entropy density ratio η/s was taken to be 1/4π corre-
sponding to the conjectured lower bound obtained in Ref.
[20]. For the bulk viscosity to entropy density ratio ζ/s
at T ≥ Tc ≈ 184 MeV, we adopted a parametrized form
of the lattice QCD result; see Refs. [21, 22]. For T < Tc,
we parametrized ζ/s given in Ref. [23].
Figure 1(a) presents the time evolution of shear Φ and
bulk Π viscous pressures for the various bulk relaxation
times τΠ defined in Eq. (20). At times τ >∼ 3 fm/c, cor-
responding to temperatures T <∼ 1.2 Tc, the bulk domi-
nates the shear pressure which can influence the particle
production appreciably. The widely used choice τΠ = τpi
(dotted-dashed line) leads to vanishing longitudinal pres-
sure PL and cavitation [22] as is evident in Fig. 1(b). On
the other hand, τΠ = τ
(1,2)
Π does not lead to cavitation
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FIG. 1: (color online) (a) Time evolution of shear Φ and
bulk Π viscous pressures, and (b) temperature dependence of
the ratio of the longitudinal to transverse pressures PL/PT ,
for the various bulk relaxation times τΠ defined in Eq. (20).
Note that for τΠ = τpi, cavitation (PL < 0) sets in.
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FIG. 2: (color online) Particle spectra as a function of the
transverse momentum pT , for ideal and viscous hydrodynam-
ics with bulk relaxation times τΠ defined in Eq. (20) for (a)
dileptons of invariant mass M = 1, 2, 3 GeV/c2, and (b)
hadrons.
as discussed in [4]. As τ
(1)
Π > τ
(2)
Π at all times, the mag-
nitude of Π is found to be larger in Case 1 (solid line).
This leads to enhanced pressure anisotropy, i.e., a larger
departure of PL/PT = (P +Π−Φ)/(P +Π+Φ/2) from
unity.
Figure 2 displays dilepton and hadron transverse mo-
mentum spectra for the two choices of τΠ, in compar-
ison with the ideal hydrodynamic calculation, and Fig.
3 shows the same spectra normalized by the ideal case.
Note the enhancement of the dilepton spectra at high pT ,
and their suppression at low pT compared to the ideal
case. The high-pT dileptons emerge predominantly at
early times when the temperature and density are high.
Viscosity slows down the cooling of the system [9] pro-
ducing a relatively larger number of hard dileptons. We
observe that at high pT , the viscous correction to the
dilepton production rate due to shear is positive and
dominates that due to bulk. The low-pT dileptons are
5produced mainly at later stages of the evolution when
the negative correction due to the bulk viscosity domi-
nates (Fig. 1) leading to the suppression of the spectra
compared to the ideal case. Further for Case 2 [red (light
grey lines)], the p2T dependence of the viscous correction,
Eqs. (15) and (23), implies a smaller enhancement (sup-
pression) at high (low) pT , compared to Case 1 [blue
(dark grey lines)]. The M -dependent splitting is consis-
tent with Eqs. (14) to (15).
Figure 3(b) shows the pion spectra scaled by the ideal
case for the two choices of τΠ. The negative contribu-
tion from the bulk viscous correction for Case 1, Eq.
(26), causes suppression of the ratio relative to Case 2,
Eq. (27), where the correction is positive. More massive
hadrons display qualitatively similar behavior. Interest-
ingly, at high pT , dileptons and hadrons display opposite
trends for τ
(1)
Π and τ
(2)
Π (Fig. 3).
Finally, Fig. 4 shows the dilepton invariant mass spec-
tra for the two cases [Eqs. (3) and (4)] in comparison with
the ideal case. Results based on Case 1 (blue solid) are
almost the same as those obtained in the ideal case at all
invariant masses. This is essentially due to the fact that
the invariant mass spectrum is dictated by the yields at
small pT where the two are nearly identical (Fig. 2(a)).
For Case 2 (red dashed) the spectrum exhibits enhanced
low-mass and suppressed high-mass dilepton yields. This
again can be traced back to the trend seen in Fig. 2(a).
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FIG. 3: (color online) Ratios of particle yields for viscous and
ideal hydrodynamics as a function of pT , for the two bulk
relaxation times τΠ defined in Eq. (20) for (a) dileptons of
invariant mass M = 1, 1.5, 2 GeV/c2, and (b) pions. In-
set: Pion yields in various evolution and production scenarios
scaled by the consistent second-order calculation for Case 1
[blue (dark grey)] and Case 2 [red (light grey)]. Solid lines:
second-order evolution with ideal production rate; Dashed
lines: second-order evolution with first-order correction to the
production rate; Dotted lines: ideal evolution with first-order
correction to the production rate.
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FIG. 4: (color online) Dilepton yields as a function of the
invariant mass M , in ideal and viscous hydrodynamics with
the two bulk relaxation times τΠ defined in Eq. (20). Inset:
Same as Fig. 3 inset but for dileptons.
Note that the peak at M = 0.77 GeV/c2 corresponds to
the dilepton production from the ρ(770) decay.
In contrast to the consistent approach adopted here,
in Refs. [15, 24], ideal hydrodynamical evolution was fol-
lowed by particle production with non-ideal f(x, p) up
to first order in gradients. On the other hand, in Refs.
[16, 25, 26], although the evolution was according to the
second-order viscous hydrodynamics, the freezeout pro-
cedure involved ideal [25] or Navier-Stokes [16, 26] correc-
tions to the f(x, p). To illustrate the differences arising
due to inconsistent approaches, we show, in the insets of
Figs. 3 and 4, pion and dilepton production rates, re-
spectively, in various evolution and production scenarios
scaled by the rate obtained in a consistent second-order
calculation. We find that the results deviate from unity
significantly which may have important implications for
the on-going efforts to extract transport properties of
QGP within a hydrodynamic framework.
VI. SUMMARY
Starting with the entropy four-current expressed in
terms of the single-particle distribution function, and us-
ing two different forms of the correction to the equilib-
rium distribution function, we derived second-order evo-
lution equations for the viscous dissipative fluxes by in-
voking the generalized form of the second law of ther-
modynamics. For consistency, the same non-equilibrium
distribution functions were used in the two calculations
of particle production. One of the two forms (Eq. (3))
has been used here for the first time to study particle
production. In the Bjorken scaling expansion, apprecia-
ble differences were found in the two sets of results.
More importantly, we also compared results of vari-
ous inconsistent calculations with those of a consistent
second-order calculation; see insets in Figs. 3 and 4. It
6is clear that the particle yields are significantly affected
if the viscous effects in hydrodynamic evolution and par-
ticle production are not mutually consistent. There is no
a priori reason to believe that in realistic 2+1 or 3+1
dimensional calculations this will not be the case. It
will then have important consequences for the extrac-
tion of transport properties of the quark-gluon plasma
in the hydrodynamic scenario. In conclusion, the non-
equilibrium distribution function used in the particle pro-
duction should be the same as that used in the derivation
of hydrodynamic evolution equations.
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